The celebrated Majorana representation is exploited to investigate spin squeezing in different classes of pure symmetric states of N qubits with two distinct spinors, namely the Dicke-class of states. On obtaining a general expression for spin squeezing parameter, the variation of squeezing for different configurations is studied in detail. It is shown that the states in the Dicke-class, characterized by two-distinct non-orthogonal spinors, exhibit squeezing.
I. INTRODUCTION
Spin, an intrinsic degree of freedom of the physical systems is a fascinating area of study as it is entirely of quantum origin not having a classical analogue. The componentsŜ x ,Ŝ y , S z of the spin operatorŜ are non-commuting and hence obey the uncertainty relation
Based on the uncertainty relation satisfied by position, momentum operators, the concept of squeezing was first introduced for the states of harmonic oscillator and it was later extended to the radiation fields [1] [2] [3] . A comparison of the uncertainty relation satisfied by the components of spin operatorŜ = (Ŝ x ,Ŝ y ,Ŝ z ) with that of the non-commuting operators of bosonic systems led to the extension of the concept of squeezing to spin systems [4] . In the case of spin systems the lower bound which is essential for the study of squeezing needs a careful consideration because of its coordinate dependence. This led to the conclusion that the behaviour of squeezing is dependent on the choice of the coordinate frame. Kitegawa and Ueda [4] showed that the occurrence of squeezing in spin s state is due to the existence of quantum correlations among the constituent 2s spin 1/2 systems and suggested a coordinate independent definition of spin squeezing. According to Kitegawa-Ueda [4] , a N-qubit state is KU spin-squeezed if the minimum variance of a spin component normal to the mean spin direction is smaller than the standard quantum limit
of the spin coherent state. Thus, for a spin squeezed state,
and hence the Kitegawa-Ueda spin squeezing parameter is defined as,
ξ is a quantitative measure of spin squeezing and for a spin squeezed state 0 ≤ ξ < 1.
Spin squeezing has been an intense area of study due to its theoretical importance as well as the applicability of spin squeezed states in the fields of low noise, high precision spectroscopy [25] [26] [27] and quantum information science [9, 10, [12] [13] [14] [15] . The relative ease with which spin squeezed states can be produced [9] , has made them more accessible and hence useful in the concerned fields.
In 1932, Ettore Majorana [28] had shown that a pure state with spin s = N/2 has one to one correspondence with the symmetrized combination of pure states of N-spin 1/2 systems (N-spinors) and provided an elegant geometrical representation of a symmetric multiqubit state as N points on the Bloch sphere. Based on the number of distinct spinors (diversity degree) and the frequency of their occurrence (degeneracy configuration), a useful classification of pure symmetric multiqubit states into SLOCC (stochastic local operations and classical communication) inequivalent families has been achieved [29, 30] . Recently, permutation symmetric states have received a revived attention in diverse branches of physics due to their geometrical intuition and experimental importance [12, 13, 31, 32] .
Dicke states |s, m , the common eigenstates ofŜ 2 ,Ŝ z belonging respectively to eigen- [10, [12] [13] [14] [15] , this study will be quite useful in quantum information science.
This paper is organized as follows: The first section gives an introduction to the concept of spin squeezing and provides a brief overview of Majorana representation of pure symmetric multiqubit states. On defining the Dicke-class of states in Section I, the structure of these states in their canonical form is given in Section II. The mean spin vector of each SLOCC inequivalent family of Dicke-class of states is identified in Section II. Among the spin components perpendicular to the mean spin vector, the one which gives minimum variance is identified in Section III for all degeneracy configurations of the Dicke-class of states. Using the results of Section II and Section III, the spin squeezing parameter is explicitly given in 
II. CANONICAL FORM OF DICKE-CLASS OF STATES AND IDENTIFICA-TION OF THEIR MEAN SPIN VECTOR
A pure symmetric state of N qubits consisting of two spinors, spinor |u 1 appearing k times and spinor |u 2 appearing N − k times, is given in the Majorana representation [28] by
Here P denotes all possible permutations of the two spinors and N is the normalization factor. Without any loss of generality, one can employ a coordinate system in which zaxis is directed along one of the two qubits and x-z plane contains the other. On choosing
canonical form of Dicke-class of states is thus equivalent to the state |Ψ k, N −k and we have
as the canonical form of Dicke-class of states. One can see that a = 0 leads to the spinor |u 2 = |1 , which is orthogonal to |u 1 = |0 . The Dicke states are thus given in Majorana representation by
The non-zero values of a in In order to evaluate the spin squeezing parameter for the states |Ψ k, N −k , one needs to identify the mean spin direction |n 0 and a direction |n ⊥ perpendicular to |n 0 which gives minimum variance ∆Ŝ ⊥ of the spin operatorŜ, for all values of N and k < N. It is worth recalling here that a unit vector along the mean spin direction of any multiqubit symmetric state is given byn
are the Pauli spin operators corresponding to kth qubit. The expectation values of the spin operators are evaluated with respect to the state |Ψ k, N −k in Eq. (4) i.e.,
In order to find out the mean spin directionn 0 , we need to evaluate the expectation values Ŝ x , Ŝ y and Ŝ z . As the spinor |u 1 = |0 is associated with the unit vector (0, 0, 1) along z-axis and 
Ŝ y = 0
where N is the number of qubits and N is the normalization constant given by
Since Ŝ y = 0, the mean spin direction becomes,
A plane perpendicular ton 0 is defined by the two mutually orthogonal unit vectors given bŷ
Any vector in the plane defined byn 1 ,n 2 , are perpendicular ton 0 and the task is to identify a unit vector sayn ⊥ such that the spin componentŜ.n ⊥ has minimum variance.
III. IDENTIFICATION OF THE MINIMUM VARIANCE (∆Ŝ ⊥ ) min
We recall here the definition of spin squeezing adopted in [4] . A pure symmetric state of N qubits is said to be squeezed in a direction perpendicular to the mean spin direction, iff the spin squeezing parameter ξ given by
lies between 0 and 1 (0 ≤ ξ < 1).
is the minimum uncertainty (variance) of spin angular momentum component in the plane perpendicular to the mean spin directionn 0 . As the vectorn ⊥ lies in the plane defined by vectorsn 1 ,n 2 both of which are perpendicular to the mean spin directionn 0 , we denoten ⊥ =n 1 cos Φ +n 2 sin Φ. In view of the fact that
and minimizing Ŝ ·n ⊥ 2 is equivalent to minimizing the quadratic form XT X where
It is not difficult to see that the minimum value of (∆Ŝ ⊥ )
given by the minimum eigenvalue of the matrix T . Thus, one has
whereŜ n 1 =Ŝ ·n 1 andŜ n 2 =Ŝ ·n 2 withn 1 ,n 2 given in Eq. (9).
A straight forward calculation gives Ŝ n 2 ·Ŝ n 1 +Ŝ n 1 ·Ŝ n 2 = 0 leading to
Eq. (12) (12) also identifiesn 2 asn ⊥ , the direction along which the component of the spin has minimum variance. for all degeneracy configurations possible for N = 2 to N = 5. In Table III , 
By careful analysis one can obtain a general expression for Ŝ 2 n 2
for N qubits as
The spin squeezing parameter (See Eq. (10)) now turns out to be , the squeezing is pronounced in the whole range of parameter a, as can be seen in the graph for N = 105, k = 52.
The Dicke states |Ψ
to a = 0 are seen to be non-squeezed (See Fig. 3 ). In fact, Dicke states with even N and k = N/2 corresponding to equal distribution of |0 , |1 , the spin squeezing parameter is undefined (See Fig. 3 ) as the mean spin direction becomes a null vector.
Such Dicke states are the ones with s = N 2 and m = 0. For all other Dicke states, with odd or even N, k < N, the spin squeezing parameter ξ is greater than 1 as is illustrated explicitly in the graph for N = 6, k = 1 (Fig. 3) and indicated in Figs. 1 and 2.
One can readily conclude that Dicke-class of states |Ψ k, N −k , containing two distinct nonorthogonal spinors (with a = 0) exhibit squeezing, the amount of squeezing varying with the degeneracy configuration {k, N − k}.
IV. CONCLUSION
Using the Majorana representation of pure symmetric multiqubit states with two distinct spinors, we have studied their spin squeezing properties. By explicit determination of the mean spin vector and minimum variance of the states under consideration, the KitegawaUeda spin squeezing parameter [4] is determined. Through illustrative graphs of the variation of the spin squeezing parameter, it is shown that symmetric multiqubit states characterized by two distinct non-orthogonal spinors exhibit spin-squeezing. For a fixed number of qubits in the state, the squeezing is seen to be maximum if the two distinct spinors characterizing the state are equal in number. Due to the usefulness of spin squeezed states in high precision, low noise spectroscopy and in quantum information theory, the study presented here is of importance. We wish to mention here that spin squeezing parameter of the Dicke-class of states considered here are determined in an alternative manner in Ref. [33] using the twoqubit density matrices of the symmetric multiqubit state, the results matching with that presented here. The study of spin squeezing for the pure symmetric multiqubit states having diversity degree 3 is under progress.
